Introduction
Multipactor effect is a non-linear resonant phenomenon typically observed in high-power microwave subsystems such as RF satellite payloads and particle accelerator structures. It is often considered undesirable, since it can load the cavity [1] , dissipate power, increase the noise level [2] , and cause heating of the walls and outgassing. Concerning multipactor in particle accelerators, two types of effects can be distinguished: RF multipactoring in the structures [3, 4] , and beam-induced multipactor process driven by the field of the bunched beam [5, 6] . Multipactor effect has been deeply investigated in several types of microwave waveguides with simple geometries, such as the parallelplate guide [7, 8] , the rectangular waveguide [10] and the coaxial transmission-line [11, 12, 13, 14] . However, the interaction of a multipactor discharge occurring within a realistic waveguide component has not been deeply studied so far.
In this work, our aim is to study the propagation of the electromagnetic energy radiated by a multipactor discharge inside a passive microwave waveguide component. First, we have shown that the radiation of a multipactor current, occurring within a uniform waveguide, can be approached as the problem of a time-harmonic current density exciting a waveguide. Secondly, such current has been modelled, following a simple network theory, by means of a shunt current generator loading the waveguide section where the discharge takes place. Next, a single-mode transmission-line equivalent circuit for the analysis of a rectangular waveguide component is proposed. The timeharmonic sources of this circuit are a voltage and a current generators accounting for the RF power supply and for the discharge effect, respectively. Thus, in this model, the radiated energy by the event is coupled to the microwave structure. In addition, following this procedure, the non-linear feature of the single-carrier multipactor effect is taken into account. In order to validate the proposed model, an experiment based on a silver-plated WR-75 E-plane rectangular waveguide transformer has been carried out. The set-up required for this experiment, as well as the calibration technique employed to measure data, are both detailed. The power spectrum of the fields radiated by a thirdorder multipactor discharge has been detected (for the first time to the knowledge of the authors), and it has been compared with the theoretical results provided by this model, thus demonstrating the capability of the new proposed theory to predict qualitatively the distortion generated by a multipactor event.
Radiation of a multipactor discharge occurring in a rectangular waveguide
From the classical microwave theory, it is well known that passive microwave components, such as filters, diplexers and multiplexers, can be analyzed in terms of transmission-line circuits driven by time-harmonic sources. Thus, microwave network analysis transforms the vector electromagnetic field equations into multimode equivalent circuit models based on transmission-lines [15] . In this letter, we have focused on the analysis of an E-plane rectangular waveguide transformer, but the developed theory is completely general. In this scenario, the propagation of the fundamental T E 10 mode in such passive waveguide component can be described by means of the circuit shown in Fig. (1) , omitting the current source. In this network, a series of transmission lines (representing the waveguide sections of the component) of wave impedance Z 0 are connected through capacitive junctions (represented by rectangular boxes) placed between adjacent guides. The circuit is excited by a single-carrier time-harmonic RF voltage source of frequency f = ω/(2π) and amplitude V RF . A time dependence e +jωt is assumed throughout this work, j = √ −1 being the imaginary unit.
In the context of the microwave network theory, the presence of a transverse electric wire-current radiating within an infinite and uniform cross-section waveguide can be modelled in terms of a time-harmonic current source. Following [15] , the telegrapher equations of this waveguide section containing such wire-current have to be modified according to,
where z is the longitudinal direction of the line, V (z) and I(z) are the equivalent circuit voltage and current associated to the fundamental propagative mode, respectively, and β 0 is the propagation constant. Note that for our case the wave impedance is given by Z 0 = ωµ 0 /β 0 . The last term in (1b) refers to the insertion of the electric transverse wire-current at the point z = z , which is acting as a shunt current source of amplitude I m . In this equation, the Dirac delta function ensures that this current is located only at the point z = z . The classical multipactor theory for a parallel-plate waveguide region [7, 8, 9] gives correct predictions in real rectangular microwave structures when the propagating mode is the fundamental T E 10 mode, and when the gap is very small compared with the rest of dimensions [10] . This is the case for the central section of the E-plane waveguide transformer analyzed in this work (see Fig. 2 z dimensions, respectively. As a consequence, such classical model has been used in this work for the description of a double-surface multipactor discharge [2, 16] .
A first simple model to describe the double-surface multipactor effect is based on a unique effective electron which accumulates the total charge and mass of the generated electrons. Thus, the charge accumulated in the discharge can be expressed as −e n e , where n e is the number of elementary charges and −e is the electron charge. This effective electron is driven by a time-harmonic single-carrier RF voltage of frequency f . For the Sombrin's (or Vaughan's) approach, a constant initial velocity for the secondary emitted electrons is assumed [8, 9] . In order to obtain an analytical description of the phenomenon, Coulombian repulsion of the electron cloud is neglected in this model. Thus, the direct integration of the non-relativistic Lorentz force allows to describe the electron dynamics and to derive the multipactor resonance conditions (which can be expressed in terms of analytical forms, as detailed in [8, 9] ). Of course, this model follows the classical theory of multipactor, with the limitations that the spread of the electron initial velocity as well as the Coulombian repulsion have not been considered. However, it is applicable for qualitative consideration and constitutes a first step in this theory that can be completed in further works.
In this model, the external field experienced by the effective electron is thus provided by the y-component of the RF single-carrier electric field (E y ). At the initial stage of the discharge, the radiated electromagnetic field emitted by this electron is neglected in the equation of motion because it is very low in comparison with the RF single-carrier field (see [7, 8, 9, 10, 11, 12, 13, 14] ).
Following with the derivation of the problem and employing the above model, an equivalent y-oriented uniform multipactor wire-current of length d is defined and expanded in terms of an infinite Fourier series with amplitudes i m with harmonic index m = 1, 3, 5..., as shown in equation (5) of [2] . Each of these odd harmonics is oscillating at a frequency given by f m = m(f /N ), N being the multipactor order. Thus, the inherent non-linearity behavior of the multipactor effect is clearly evidenced. In the present formulation, we assume that these wire-currents i m are radiating within a rectangular waveguide of dimensions a and b. This set of time-harmonic currents can be represented by the following electric current singular densities:
Obviously d = b for these elemental wire currents. Following the formulation developed in [15] , the next step is to expand these multipactor current densities in terms of the electric fields of the TE and TM modes, resulting in
where I m p are the expansion coefficients, and e p are the transverse electric vector-mode functions, which are normalized according to
where CS represents the rectangular waveguide cross-section, and δ p,q is the Kronecker delta. Equation (3) indicates that each i m current might excite the full set of TE and TM waveguide modes at different f m frequencies. However, in this first approach of the problem, we will only consider the first (p = 1) fundamental T E 10 mode, which is represented by the coefficient I m 1 ≡ I m . Finally, the amplitudes of the equivalent multipactor current sources are easily obtained using the orthonormalization properties of the vector-mode functions (4):
3. Application to the multipactor radiation analysis of an E-plane waveguide transformer
An E-plane silver-plated rectangular waveguide transformer, which is shown in Fig. 2(a) , has been used to verify the proposed theory. Its geometrical dimensions are summarized in Fig. 2 (b) and Table 1 (note that a = 19.05 mm for all waveguides). The electrical response of this device has been computed in a wide frequency band with an efficient full-wave modal software tool called FEST3D ‡. In this code, the analysis of a planar waveguide junction is performed by means of the numerical solution of a first kind Fredholm integral equation. The unknown of the problem is the tangential electric field, which is decomposed as a linear combination of basis functions; the formulation directly leads to a representation of the problem in terms of a generalized impedance matrix (see details in [17, 18] ), which allows an efficient characterization of the capacitive steps of the waveguide transformer. For the solution of the resulting integral equation we have considered 30 accessible modes (including both propagative and evanescent modes), 600 localized modes (evanescent modes), and 30 basis functions. The simulated and measured scattering parameters are shown in Fig. 2(c) , where a good agreement is observed in the single-mode frequency band of the WR-75 waveguide; experiments out of the single mode band have not been performed because of its difficulty in the calibration of the instruments. In order to study the interaction between a multipactor discharge and the waveguide transformer, the single-mode circuit shown in Fig. (1) has been analyzed in terms of impedance matrices. The rectangular boxes representing the E-plane steps have been electromagnetically characterized by means of the aforementioned full-wave modal software FEST3D. Finally, the Kirchhoff's laws have just been applied to evaluate the transmitted and reflected power considering the presence of the voltage and current sources. The voltage generator provides the RF supply to the circuit, which has been properly related to the input power P inp ; its amplitude and frequency are V RF and f , respectively. On the other hand, the amplitudes and the frequencies of the harmonic current sources are given by I m and f m , respectively. The differences in the frequency response between the single-mode circuit model and the numerical results provided by the software FEST3D are plotted in Fig. 2(d) : a very good agreement in the single-mode operation band of the WR-75 waveguide (10-15 GHz) is observed, whereas this tendency is degraded in the out-of-band frequency region because of the excitation in the discontinuities of the higher-order T E 1n and T M 1n modes (note that n is even due to the symmetry existing in the complete structure, i.e. n = 0, 2, 4, 6...).
The discharge current has been located at the point of maximum field within the central section of the waveguide transformer, which has been found by plotting the ycomponent of the RF electric field magnitude (E y ) as a function of the axial coordinate for an input RF power of P inp = 1 W, as depicted in Fig. 3 . Results obtained with the transmission line model and the FEST3D code are successfully compared, demonstrating that the effect of the higher-order modes generated in the adjacent discontinuities of the central waveguide is negligible in comparison with the fundamental propagative T E 10 mode contribution. A standing wave pattern is formed by the interference between the incident and reflected waves. For the frequency selected f = 12.466 GHz, the maximum field arises in the point z = 14.7 mm.
At this point, and following the classical double-surface multipactor theory [7, 8] , we define an equivalent voltage V as the line integral of the electric field between the two points on the surfaces of the structure. In this case, since the propagating mode is the fundamental one, there is no field variation along y axis. Therefore, the voltage between any point (x, z) along the top and bottom surfaces (constant y planes) is simply the multiplication of the electric field at that point by the gap distance. The authors have calculated the maximum electric field (E y 1W ) of the central section of the transformer assuming an input power of P inp = 1 W (shown in Fig. 3 ) resulting in E y 1W = 18581.5 V/m. Finally, for any RF input power P inp the applied voltage in the critical gap region is simply calculated as V = V 1W P inp , where V 1W = E y 1W d and d is the gap distance (d = b 4 = 0.32 mm in this case).
Description of the experimental set-up
An experiment to validate the present theory was carried out at the European Space Agency ESA/ESTEC RF High-Power Laboratory; the experimental set-up has been described in Fig. (4) , where the DUT (Device Under Test) is the aforementioned Eplane waveguide transformer.
Several multipactor detection methods were used in parallel: nulling of the forward/reverse power at carrier frequency (f ), third-harmonic detection, chamber pressure recording, and electron probe to monitor qualitatively the emitted secondary electrons (installed out of the DUT). Diagnostic tests performed in this laboratory have shown that having sufficient free electrons travelling inside the critical gap is a necessary condition in order to obtain reliable data on the discharge thresholds. An optical fiber connected to an ultraviolet mercury lamp (254 nm) was used to generate photo-electrons in the vicinity of the waveguide gap region in order to initiate the discharge. Both the optical fiber (blue connector) and the electron probe were inserted in the RF waveguide circuit (preceding the waveguide transformer) through two venting holes, as shown in Fig. (5) . The pressure achieved inside the used vacuum chamber was around 3 · 10
The measurements were performed using spectrum analyzers for both the nulling system and the harmonics system. The spectrum analyzers are set up to be able to record (and retain on their screen) quick changes in the measurement. They were set up for the displaying of two traces, one trace was the live measurement and the second one was set to "Max Hold" so that fast spikes will be kept recorded in this trace. The central frequency in the spectrum analyzers was set to the relevant measured frequency (the carrier f for the nulling system, and the different harmonics to be investigated in the harmonics generation, f m = m (f /N )), and the frequency span was selected in the interval 100 -200 KHz. The RF input power was increased in short steps until a discharge was triggered. The amplitude of the change in the nulling system is commonly used as an indicator of the severity/strength of the discharge. The measurements in the amplitude change of the harmonics system were performed for discharges of comparable strength according to the amplitudes found in the nulling system for these discharges.
The nulling system is set up superposing the input and the reflected signals, which are extracted from the experimental test-bed with two directional couplers. The sample of the input power is connected to a variable attenuator, and the reflected one is connected to a phase shifter device. Then the outcome of both signals is combined using a 3 dB hybrid, and the result is feed to a spectrum analyzer. During the tests the variable attenuator and the phase shifter are tuned to obtain a zero in the spectrum analyzer. This zero is very sensitive to changes in the amplitude/phase of the reflected signal, which makes it very appropriate to detect the multipactor discharges.
In the case of the higher order harmonics, the filtering was achieved by reducing the dimensions of the waveguide, filtering out the lower frequencies. The filtered signal of the different harmonics is properly amplified using LNAs (Low Noise Amplifiers) and feed to the spectrum analyzer.
The output section was calibrated using the following standard insertion-loss procedure. An RF cable was connected to the signal generator at one end, whereas the other end was connected to the spectrum analyzer. Then, the calibration frequency was set in the signal generator. The RF power was set to the highest level compatible with the rest of the setup, and the measured RF power at the end of the RF cable was recorded. The RF cable was disconnected from the spectrum analyzer and connected with an adapter to the WR-75 waveguide injecting the RF signal towards the output section. The spectrum analyzer was connected to measure the relevant harmonics RF path. Now, the RF power measured by the spectrum analyzer is also recorded. The difference between both measurements is the calibration factor for the used frequency. This procedure was repeated for the different frequencies to be measured. There was a first discharge at a certain power level, but after this first discharge a second discharge was found at a higher (RF power) level; all the other successive discharges were found in the vicinity with a dispersion of 5 − 10% .
It should be remarked that the threshold input power and the amplitudes of the measured harmonics were reproducible with a relative error around 10%. There are several explanations for this, such as the randomness of the electron's speed once they are emitted from the metal, the initial electron population inside the cavity, the degradation of the cavity surfaces, etc. Further research must be performed to clarify this point, which is common in all the experiments related with multipactor phenomenon.
Results
A multipactor discharge was detected in the central region of the waveguide transformer with an input peak power of P inp = 2400 W at f = 12.466 GHz. A pulsed signal was employed with a duty-cycle of 2 % and a pulse-width of 20 µs. For this input power we have calculated with FEST3D the region where the electric field is maximum (see Fig. 3 ), which has associated an equivalent voltage amplitude of V = 291.3 V. For a frequencygap product given by f · d = 3.99 GHz mm (in this case d = b 4 = 0.32 mm), this amplitude corresponds (following the classical multipactor theory [7, 8] implemented in the code ECSS Multipactor Tool §) with a multipactor order N = 3. A spectrum analyzer was employed in order to detect the RF radiated spectrum. In order to validate qualitatively the presented formulation, experimental data are compared with theoretical results in Fig. (6) ; the resulting RF harmonics have been marked in this figure. For multipactor order N = 3, the frequency carrier coincides with the peak m = 3 (f 3 = f ). The peak at frequency f 1 = 4.16 GHz was not recorded because this frequency is below the cut-off frequency of the WR-75 guide, so it can not be propagated. The resonances m = 5 and m = 7 have been detected for the first time to the knowledge of the authors. In the case m = 9 we find that f 9 = 3 f , so it coincides with the standard third-harmonic detection technique. Measurements performed at other frequencies only detected the noise floor level, which was around −95 dBm in this experiment.
In the single-mode circuit presented in Fig. 1 , the RF voltage generator was easily evaluated by means of the well-known formula V RF = 8 Z 0 P inp = 3053.81 V. On the other hand, it should be emphasized that the experimental set-up used in this work does not allow to measure directly the electron population generated in a multipactor event (n e (t)). As a consequence, the electron population was estimated as n e = 10 8 electrons for a good fitting of the m = 7 harmonic (the other harmonics m = 5 and m = 9 were not considered for this purpose because the transmission coefficient of the complete structure was very low at their corresponding emission frequencies, as it can be observed in Fig. 2(d) ). Obviously, the concordance between measurements and theoretical results is perfect for this harmonic, as depicted in Fig. 6 . It should be remarkable that the noise level associated with both m = 5 and m = 7 harmonics has been detected for the first time (to the knowledge of the authors) in a multipactor experimental set-up for telecommunication applications (the m = 9 harmonic is typically observed in the thirdharmonic multipactor detection method). Other interesting aspect to be considered is the different trend of the radiated power spectrum between the parallel-plate model, which is continuously decreasing (as reported in [2, 16] ), and the results provided by the presented model, where the transmission coefficient of the DUT is directly included in the formulation. Finally, we want to remark that the discrepancies observed in Fig. 6 between theoretical and measured data for such harmonics are mainly attributed to the single-mode character of the developed model. Additionally, the presence of the optical fiber and the electron probe (preceding the DUT, as shown in Fig. 5 ) has not been considered in the electromagnetic characterization of the experiment, and obviously might disturb the obtained experimental results. An interesting future work would be to extend the presented formulation to a rigorous multimode network full-wave theory.
Conclusions
In conclusion, we have experimentally detected the RF spectrum radiated by a multipactor discharge occurring in the central gap-region of an E-plane silver-plated waveguide transformer implemented with rectangular waveguides. A formulation based on the classical microwave network theory has been derived to explain this experiment. In this context, the multipactor discharge is modelled with a shunt current source radiating at different frequencies, which excites the propagation of the TE and TM rectangular modes. Therefore, the inherent non-linear nature of the multipactor phenomenon is clearly evidenced with the presented circuit model. From a qualitatively point of view, comparison between measurements and theory validate the presented formulation. 
